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1 Introduction 

Cherednik's double afSne Hecke algebras are an important class of algebras attached to root systems. They 
were introduced in |Che95j as a tool of proving Macdonald's conjectures, but are also interesting by them- 
selves, since they provide universal deformations of twisted group algebras of double affine Weyl groups. One 
may distinguish rational, trigonometric, and elliptic Cherednik algebras, which contain 0, 1, and 2 copies of 
the root lattice, respectively (rational and trigonometric algebras are degenerations of the elliptic ones; see 

Development of representation theory of Cherednik algebras (in particular, description of all irreducible 
finite dimensional representations) is an important open problem. In the characteristic zero case, it is solved 
completely only for type A, while in other types only partial results are available (see |EG02j . ^BEG03j , and 
|C0| for the rank 1 case). In positive characteristic, the rank 1 case (in the more general setting of complex 
reflection groups) is settled by the author in |Latj , after which the higher rank case (of type A) was considered 
in IFC] . 

The goal of this paper is to extend the results of jLatj to the trigonometric case. That is, we study the 
representation theory of trigonometric Cherednik algebras in positive characteristic p in the simplest case of 
rank 1. Our main result is a complete description of irreducible representations of such algebras. 

The paper is organized as follows. 

In Section 2, we state the main results. 

In Section 3, we prove the results for the "classical" case, i.e. the case when the "Planck's constant" t 
is zero. In this case, generic irreducible representations have dimension 2; one-dimensional representations 
exist when the "coupling constant" k is zero. 

In Section 4, we prove the results for the "quantum" case, i.e. the case when the "Planck's constant" t 
is nonzero. In this case, generic irreducible representations have dimension 2p; smaller representations exist 
when the "coupling constant" k is an element of Fp C k; namely, if k is an integer with < fc < p — 1, then 
there exist irreducible representations of dimensions p ~ k and p + k. 

Acknowledgements. The author thanks his adviser Pavel Etingof for posing the problem and useful 
discussions, as well as for helping to write an introduction. The work of the author was partially supported 
by the National Science Foundation (NSF) grant DMS-9988796 and by a Natural Sciences and Engineering 
Research Council of Canada (NSERC) Julie Payette research scholarship. 

2 Statement of Results 

Let k be an algebraically closed field of characteristic p, where p 7^ 2. Let t, k G k, and let H(t, k) be the 
algebra (over k) generated by X, X~^,s and y, subject to the following relations: 
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sX 


= x-h 




= 1 


sy + ys 


= -fc 


XyX-i 


= y — i + fcs. 



(1) 

(2) 
(3) 
(4) 

We will classify the irreducible representations of H(i, /c). Now, for t ^ 0, H(t, fc) is clearly isomorphic 
to H(l, I) under the map 

X ^ X, s 1-^ s, y ^ -y. 

Thus it is sufficient to classify irreducible representations of H(0, k) and H(l, fc). For brevity we will use the 
notation Ho '== H(0, k) and Hi H(l, k), assuming that k has been fixed once and for all. 

2.1 Irreducible representations of Hq 

Proposition 2.1. Let k ^ 0. Then the irreducible representations o/Hq are the following: 



For a,/3 G k, ajS ^ 0, we have a two-dimensional representation VqI"" with basis {vq,vi}, defined by 
the following: 

yVQ = f3vo, 
yvi = -I3vi, 

Xvi = vo+ [ I ^'1: 

'2 



k fc3 - 4fc/3' 



2a/3 k 



For a = ±1,6 G k, we have a two-dimensional representation Vq2 with basis {vo,vi}, defined by the 
following: 

yvo = 0, 

yvi = vo, 

svo vq- kvi , 

svi = ~Vi, 

Xvo = a{vo-kvi), 

Xvi = bvo -\- {a — kb)vi. 



are 



Vq{°' and Vqi'"^ are isomorphic if and only if (3' ~ (3,a' ^ a or (3' = —f3,a' = ^4^^^*' ■ Vq-z '^''^^ ^02^ 
isomorphic if and only if a ^ a' and b ~ b' . Furthermore, representations with different subscripts are never 
isomorphic. 

Proposition 2.2. Let k = 0. Then the irreducible representations o/Hq are the following: 
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• For a,/3 G k, a,/3 7^ 0, we have a two-dimensional representation V^'^ with basis {vq,vi}, defined by 
the following: 

yvo = f3vo, 
yvi ^ ~Pvi, 
Xvq = avo, 

Xvi = -vi, 
a 

svo = vi , 
svi = vq; 

• For a e k, a ^ {0, ±1}, we have a two-dimensional representation Vq^ with basis {wo,wi}, defined by 
the following: 

yvo = 0, 
yvi = 0, 
Xvo = avo, 

Xvi = -vi, 
a 

SVo = Vi , 
SVi = Vo] 

• For a = ±1,6 = ±1, we have a one- dimensional representation Vq'^ on which y, X and s act as 0, a 
and b respectively. 

Vq^"" and Vq^'°' are isomorphic if and only if f3' ~ /3,a' ~ a or (3' ^ — /3, a' = ^. Vq^ and Vq^ are isomorphic 

if and only if a' ^ a or a' ~ Vq'^ and Vq^^ are isomorphic if and only if a' — a,b' ^ b. Furthermore, 
representations with different subscripts are never isomorphic. 

2.2 Irreducible representations of Hi 

Proposition 2.3. Let k ^ Fp. Then the irreducible representations of Hi are the following: 

• For /i, d G k, d ^ 0, 5 = {fi^ — fi)^ with | not a root of f{y) = {yP — y)^ — b, and also for fi = ±-|, d ^ 0, 
we have a 2p- dimensional representation Vi'{'^ with basis {v^^^j, w-^+j, j — 0,1, . . . ,p — 1} , defined by 
the following: 



yvp = (3v/3, (3 = ±^l,±^l-\-l,...,±fl+p-l■, (5) 

1 k 



= -j^A',+j + ,^^^v.,.„ 3^1,2,. ..,p-l; (6) 
S'f^M+j = \77~~~\ ^ ^l^^ ^n'"-t^-i ~ '^u~~V~\'"t^+i' i = 1^2, . . .,p- 1; (7) 



k d 

f k^ n\ k 



Xvp = sw_^_i, /3 = ±yu, ±^t + 1, . . . , ±^ +p - 1; (10) 
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• For 9 = ±1, we have a 2p- dimensional representation Vf 2 with basis {vj,Wj,j = 0, 1, . . . ,p—l}, defined 
by the following: 

(11) 
(12) 
(13) 

(14) 





= jvj, i = 0, 1,. 


..,p-l; 




= jWj+Vj, j = 


o,i,...,P-i; 


svo 


= -kwo; 




SWq 








1 k 




SVj 




k 



p~l 



(15) 
(16) 



1 /c Ik P — 1 

-2"J- + 2f 7""^" + 27'^--'' J = 1'2,---,^; (17) 







\ k 




= -SW_j_i, 


. , P-1 
2 = 


Xvp-i 
2 


= 9svp-i; 
2 








. , P-1 
2 = 


Xwp-i 


= —6swp-i . 





k fk^ \ , „ P - 1 

2j ' 



(t--^)^-^' J = 1,2,...,^; (18) 

(19) 
(20) 

(21) 
(22) 



Vii" and V-{^i'^ are isomorphic if and only if 



in' - fi e Fp and d' = d) or {fi' + p e Fp and dd' ^ || ''^ ^ '^''^ 

V\^2 '^"'^ ^1^2 ^'"s isomorphic if and only if 9 — 9' Furthermore, representations with different subscripts are 
never isomorphic. 

Now, in the case where k e Fp, note that there is an isomorphism between H(l, k) and H(l, —k), given 

by 

y i-^ y, s — s, X ^ X, fc H-> — fc. 
So we may assume that k is an even integer with < fc < P — 1- 

Proposition 2.4. Let k be even with 2 < k < p — I. Then the irreducible representations of Hi are the 
following: 

• For ^, d e k, d 7^ 0, we have Vif, defined as in Provosition \2.'A 

• For 9 — ±1, we have a [p ~ k)- dimensional representation Vi ^ with basis {vk^Vkj^-^, . . . ,v_k_^^, 
defined by 



k k k 





= jvj^ 


^■=2'2+^--"" 


2 


1; 








k 

27"" 


1 k 

J=2 + 


1,... 


p 


- 1 
2 ' 




SVj 


= -jv- 


P k 

-i H Wo, 


3 = 


2 


+ 1,.. 


P-1 
■' 2 


SVk 


= —Vk 













(23) 
(24) 

(25) 
(26) 
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= -s^;_,_l, jV^; (27) 

Xvp^i = esvp-i. (28) 

2 2 

For = ±1, we have a {p + k)- dimensional representation Vi ^ with basis {vj, Wi,j = 0, . . . ,p — l,i = 
— I, . . . , I — 1}, defined by 

yvj = jvj, j = 0, 1, . . . ,p- 1; (29) 

k k k 

ywj = jwj+vj, j = --,-- + l,...,--l; (30) 

svq = —kwQ-, (31) 

swo = -^vq; (32) 



Ik k k p — \ 

sw-j = -Vj + —v-j, j = 1,. - 1,- + 1, ; (33) 



/p\ 1^ k k p~ 1 

sv_k ~ ('^'^) 
sufc ~ 2u_fc— Wfc! (36) 

2 2 2 

s«;_j = ^v, + ^v-,~^wj + ^w_j j = l,...,^-l; (37) 

i-2 \ h h / h"^ \ h 



2 2 

2 



S'w_k ~ — — Ufc + — w_ fc + k;_ fc : (39) 

2 A: 2 2 2 



Xv, = -si;-j-i, jV^; (40) 
Xiip-i = (41) 

2 2 

k k 

Xwj = =sw_j_i, j = --,...,-- 1. (42) 

For c G k, we /lawe a 2p-dimensional representation V^^ with basis {vj,Wi,ui^j ~ 0, . . . ,p — l,i = 
-f , . . . , I - 1, / = |, . . . , -f - 1}, defined by 

j = 0,l,...,p-l; (43) 

k k k , , 

(45) 
(46) 

k k k p — \ , , 

, = 1,...,--1,- + 1,^; (47) 

fc^ \ . k k P — 1 





= J"i. 




= J^^J 




= Wo; 


swo 


= vo; 




1 

= -"^j 
J 






SV k 

2 


2 


SUfc 


= 2v_, 



(49) 
(50) 
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sw-j = ^''J + 272 " 7""^ + ^"'-^ j = i,---,^-i; (51) 

k hi hi '\ k 

1 + i-2j«-. + ^«.-2?^.+ (^4--^j^-.' j = (52) 

2 2 

/;_fc = Wfc H — w_fc+u;_fc; (53) 

2 fc 2 2 2 

1 fc A: p — 1 

suj = Uj, j = - + 1,. (54) 



P \ k k p-1 



sufe = — v_k—Uk\ (56) 
2 /c 2 2 

Xwj = -su_j_i, j^^^^; (57) 

Xup-i = SMp-i; (58) 
22 

Xitj = -su_j„i, J = -,...,— 1; (59) 

Xup-i = swp-i . (60) 
22 

V^'i and Vii"^ are isomorphic if and only if 

{p - peFp and d' = d) or (/.*' + e Fp and dd' = Y\ (-T - ip + cf\- 

and are isomorphic if and only if 9 = 6' . V^^ and V^^ are isomorphic if and only if c ~ c' . Vf^ and 

Vf^ are isomorphic if and only if c = c' . Furthermore, representations with different subscripts are never 
isomorphic. 

Proposition 2.5. Let fc = 0. Then the representations of Hi are the following: 

• For /i, d G k, d 7^ 0, 6 = (/i^ — /i)'^, we have Vl^f", defined as in Frovosition \2.!^ 

• For c,9 ~ ztl, we have a p-dimensional representation V^^ with basis {vj,j = 0, 1, . . . ,p — 1}, defined 
by 

(61) 
(62) 

(63) 





= JVj, J 


svo 


= cvo; 


SVj 






1 




= — -^'j^ 




3 


Xvj 


= SV^j^l, 


Xvp-i 
2 


= 9svp-i. 
2 



' 2 ' 
p-1 



2 

p-1 



(64) 

(65) 
(66) 

• Forc = ±l,aGk, we have a 2p- dimensional representation Vi'!^ with basis {vj,Uj,j = 0,1, ... ,p—l}, 
defined by 

yvj = jvj, j = 0,1,..., p-1; (67) 
yuj = juj, j = 0,1,..., p-1; (68) 
svq = vq; (69) 
suo = avQ — uq; (70) 
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sw-j = -^vj j = 1,2,...,^^-^- (71) 



2 


7 


P - 


1 


' 2 




P- 


1 



j = l,2,...,^l^; (72) 

j = l,2,...,i— ^; (73) 
J ^ 



juj, J = 1,2,...,^; (74) 



Xvj = si;_j_i, jV^^-y^; (75) 

Xwp-i = SMp-i; (76) 

2 2 

Xup^ = swp^. (78) 



V^'f and V'l^-^'^ are isomorphic if and only if 



in' - fi e Fp and d' = d) or + fi e Fp and dd' = - (^ + c)^ J ). 



V^j^g anc? V^j^g are isomorphic if and only if 9 = 9' . Vi-^ and Vij are isomorphic if and only if a = a' . 
Furthermore, representations with different subscripts are never isomorphic. 

3 Proof of Propositions [O and EH 

Lemma 3.1 (PBW for Hq, easy direction). The elements 

s'X^y', j,leZ,i>Q,i<E{o,i} 

span Ho over k. 

Proof. Given a product of X, y, s, in any order, one can ensure tlrat tiie y's are to tlie right of all the X's 
by using yX = Xy — ksX repeatedly, and one can also ensure that the s's are to the left of all the X's and y's 
by using Xs = sX^^ and ys = —k — sy repeatedly. □ 

Lemma 3.2. X + X^^,y^ and Xy — yX^^ belong to the center Z(Ho) o/Hq. 

Proof. First, let us show that y^ E Z(Ho). We have 

Xy2 = (yX + fcsX)y 
= yXy + fcsXy 

= y(yX + ksX) + fcs(yX + fcsX) 

,2v I 1„/..^ I ^, ,\V I ;„2„2\ 



= y^X + fc(ys + sy)X + fc's^X 
= y'XH 

= y^X; 



y^X+-k^X + k^X 



thus [X,y^] = 0. We also have 

sy^ = (— ys — k)y = — ysy — ky = — y(— ys — k) — ky = y^s; 
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thus [s,y2] = 0. It follows that e Z(Ho). Next, we show that X + X^^ e Z{lla)- We have 

y(X + X-^) = Xy - fcsX + X'^y + fcX^^s = (X + X-^)y, 

and 

s(X + X^i) = X-^s + Xs = (X + X-^)s. 

Thus [y,X + X-i] = [s,X + X^^] = 0, and so X + X^^ e Z(Ho). Finally, we show that Xy - yX"! G Z(Ho). 
First we note that 

yX - X^V = yX + Xy - (X + X~^)y = yX + Xy - y(X + X"^)) = Xy - yX-\ 

and thus 

X(Xy - yX-^) = X(yX - X^V) = (Xy - yX"i)X, 
y(Xy - yX-i) = y(yX - X-^y) = y^X - yX-^y = Xy^ - yX-^y = (Xy - yX-i)y, 

and 

s(Xy - yX-^) = s(yX - X'V) = "(ys + fc)X - Xsy = -yX-^s - fcX + X(ys + k) = (Xy - yX-i)s. 
Thus Xy - yX-i £ Z(Ho). □ 
Corollary 3.3. Ho is finitely generated as a module over its center. 
Proof. From Lemmas 13.11 and 13.21 we see that Hg is generated over its center by 

s'X^y', i,j,/e{0,i}. 

□ 

Corollary 3.4. Every irreducible Ho-module is finite- dimensional overh. 

Proof. Standard. □ 

Thus Schur's lemma implies that central elements of Hq act as scalars in any irreducible Ho-module. 
From this point, we will use the following notation: the eigenspace of y with eigenvalue /3 will be denoted 
V[f3]. 

Corollary 3.5. Let V be an irreducible Ho-module, and let [3 be an eigenvalue of y . Suppose P ^ 0. Then, 

V = V[p](BV[-P], 

and dim V[f3] = dim V[-f3] = 1. 

Proof. Suppose V[P] ^ 0, and let v G V[/3] be nonzero. From the proof of coroUarv 13.31 we know that V is 
spanned by 

{v, Xv, sv, sXv}. 

Now let w = sXv; then 

yw = ysXu = —syXv — kXv = —sXyv + ks^Xv — kXv = — /3sXw = -~(3w. 
Thus, w e V[~P]. Clearly, w ^ 0, and thus ¥[-(3] ^ 0. Now let v' = 2/3Xu - kw. Then, 

yv' ^ 2PyXv + (3kw = 2(3Xyv - 2k(3sXv + pkw = 2P^Xv - (3kw = fiv' . 
Hence, v' £ V[(3]. Also, if w' = few + 2/3sv, then 

yw' = kyv + 2(3ysv = pkv — 2(3syv — 2f3kv = —pkv — 2f3syv = —(3w', 



Hence, w' € V[—(3]. From this it follows that 

V ^V[l3]®V[-(i]. 

Now let Hq be the subalgebra of Hq generated by Z(Ho) and 2/3X — /csX. It is clear that V[0\ = Hw. 
Since this is true for all nonzero v G V[(3], it follows that V[l3\ is an irreducible representation of Hq. Since 
Ho is commutative, we see that V[l3] is one dimensional. The same holds for y[— /3], and the corollary is 
proved. □ 

Corollary 3.6. Assume k ^ 0. Let V be an irreducible HQ-module, and suppose is an eigenvalue of y. 
Then, V ~ Vgen[0], the generalized eigenspace ofO. We also have dimT^ = 2 and dimy[0] = 1. 

Proof. Let v 6 V[0] be nonzero. From the proof of corollary 13. 31 we know that V is spanned by 

{v, Xv, sv, sXv}. 

Let w = —sv] then, 

yw ~ —ysv = syv + kv = kv. 

Let v' = sXu = X^^sti; then, 

yv' = yX^^sv = X-^ysv + fcX^^s^w = -X^^syw = 0. 

Let w' = —Xv = —sv'; then, as above, we have yw' ~ v' . 
So we have 

yv = 0, yw ~ kv, yv' = 0, yw' = kv'; 

therefore, V = V^cn[0] and V[0] is spanned by v and v' . Now let Hq be the subalgebra of Hq generated by 
Z(Ho) and sX. It is clear that y[0] = Hv. Since this is true for all nonzero v € V[Q], it follows that V[0] 
is an irreducible representation of Hq. Since Hq is commutative, we see that V[0] is one dimensional. The 
corollary follows from this. □ 

Corollary 3.7. Assume k — 0. Let V be an irreducible HQ-module, and suppose is an eigenvalue of y . 
Then, 

V = V[Q], 



the eigenspace ofO. We also have 

dimF 



1 if 1 or — 1 is an eigenvalue of X 

2 otherwise. 



Proof. From the proof of corollarv l3.6l we see that y acts on V as the zero operator. Let A be an eigenvalue 
of X, let Vx[A] denote the associated eigenspace and let v G Vx[X\ be nonzero. From the proof of corollary 
13.31 we know that V is spanned by {w,st;}. Now 

Xsv = sX^^v ~ X^^sv, 

so sv e Vx[A^^]. Clearly, sv ^ 0; thus, if A 7^ ±1, then 

V = Vx[X] © VSc[A"i] and dim V = 2. 

If A = ±1, it follows that X and s commute as operators on V; since V is irreducible, this implies that 
dimy:=:l. □ 
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Proof of Provosition \2.1\ Let /? 7^ 0, and let V be a two-dimensional representation of Hq in which V[l3\ and 
y[— /?] both have dimension 1. Let vq G V[I3\, vi € V[—(3] be nonzero. Let the matrices representing s and 
X with respect to the basis {wq, ■^i} be as follows: 

70 So \ X ' ' ' ^" 



71 (5i y ' \ 9i uji 

First, we note that X and y cannot have a common eigenvector; for if Xiu = 7W and yw = f3'w, then 
ksw = XyX~^w — yw = 0, and combining this with = 1 gives w = 0. Hence, by scaling, wc can assume 
that too — 

Now the central clement Xy — yX^^ acts on y as a scalar. The matrix representation of Xy — yX^^ is 



3^(0odetX-^i) -^(detX-1) 
^(detX-1) _-j|3,(0„detX-0o) 



Thus, = — ;j;^(dctX — 1), which means that detX = 1. Hence, 

61 = 0OUJ1 - I. (79) 

Using 0), we see that XyX^^ — y — fcs = 0. Using H79(l . we see that the matrix yrepresentation of 
XyX^^ — y — fcs is 

2/36'ocJi - 2/3 - kjo -2(590 - kSo 

2peoLul - 2Plui - kji -2(3Bouji + 2/3 - k5i 

Hence, 

2/3 

70 = -^(00^1-1), (80) 

71 = [Oou^l ~ u^) , (81) 

50 - -^^0 (82) 

51 = ^(l-0ot^i). (83) 

k 

Using ||2Jl, we see that = 1. Using (|80|l - (|83() . we see that the matrix representation of is 








4/3' 



Thus, 

^1 = tJ- - 1^ ) • (84) 



^^(1 - 6*0^^1) 



00 V 4/3 V 

Using H79|l - H84|l . we see that V is isomorphic to V^f". Furthermore, it is easy to see that for all a, f3 € 
k \ {0}, Vq^ is a representation of Hq; furthermore, each eigenvector of y clearly generates Hq, and thus 
Vq { ° is irreducible. 

Now the eigenvalues of y in V/^f are /3 and -(3, and 2/3(Xy - yX^^) - 2/32(X + X^^) acts on V^f as 
Id, while for /3 = |, X + X-i acts on V^'^ as aid. From this it follows that V/^f and Vl^'{''' are 



isomorphic if and only if /3' = /3, a' = a or /3' — /3, a' — ^^^2 ■ 

Now let y be a two-dimensional representation of Hq in which V\0\ has dimension 1 and V^cn[0] has 
dimension 2. Let uo,i'i £ ^ be nonzero elements such that yvo = 0,ywi = wq- Let the matrices representing 
s and X with respect to the basis {vo,vi] be as follows: 



s ^ 


( 70 


5o \ 


, X^ 






V 71 


5. j 




I 01 LOl 
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Now the matrix representation of sy + ys + k is 

li+k 70 + (5i 
71 + fc 

thus impHes that 71 = — fc and 70 ~ — (5i. Scaling, we may assume that 70 = 1. Next, we note that 
— 1 acts on V as —60k Id; (0) thus imphcs that Sq = 0. We then see that the matrix representation of 
Xy - yX - fcsX is 

/ —9i — kdo 9o ~ uJi ~ kujQ \ 
\k{keo + Oi) 01 + Pivo + kuji J' 

Q) thus imphcs that 9i = —k6o, 9q = uji + kujQ. Finally, the matrix representation of XsX — s is 

91-1 
-ki9l-l) -91 + 1 



Q thus implies that 6*0 = ±1. 

Thus V is isomorphic to Vq2'^°. It is easy to see that Vq2 is indeed a representation of Hq; furthermore, 
each eigenvector of y clearly generates Hq, and thus Vq2 is irreducible. Now X + X^^ acts on Vq2 a-s 

(2a — fc5) Id, while Xy — yX^^ acts as — afcld. Therefore, Vq2 and Vq2^ are isomorphic if and only if 
a' = a,b' = b. ' ' □ 

Proof of Provosition \2.!A Let /? ^ 0, and let V be a two-dimensional representation of Hq in which V{(i\ and 
F[— /?] both have dimension 1. Let vq € V[l3], vi G /?] be nonzero. Let the matrices representing s and 
X with respect to the basis {wq, vi} be as follows: 



S t-^ 


f 70 


So \ 


, X^ 


f 9q UJq \ 




V 71 






I 01 LOl J 



First, we note thct X and y commute, so they must have a common eigenvector; for the moment, let us 
assume that ojo — 0. 

Now the central element Xy — yX~^ acts on y as a scalar. The matrix representation of Xy — yX~^ is 



dctk(detX-l) --^ic.,dctX-9o) 



Thus, = ^^^(detX — 1), which means that detX = 1. Hence, 

^1 - ^- (85) 

Using we see that XyX~^ — y = 0. Using H85|l . we see that the matrix representation of XyX^^ — y is 



Hence, 9i = 0. (If we had assumed earlier that 9i = 0, here we would get ojq — 0.) 

Using we see that ys + sy = 0. Using H85|l . we see that the matrix representation of ys + sy is 

2/370 
-2f35i 

Then we must have 'fo — Si — 0, and thus acts on V as SqJi Id . Using 0, we see that = 1; thus 
So — —. By scaling, we may assume that 71 = 1, and we sec that V — Vq^". It is clear that V^^^^ is an 
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irreducible representation of Ho and that and Vq^'"^ are isomorphic if and only if /?' = /3, a' = a or 

/3' = -/3,a' = i. 

Now let be a two-dimensional representation of Hq in which y acts as zero and X has eigenvalues A 
and A^^, with A 7^ ±1. Let vq G Vx[A], vi G Vx[A^^] be nonzero. Let the matrix representing s with respect 
to the basis {vo,vi} be as follows: 

70 ^0 

71 ^1 

Using J^l, we see that Xs — sX~^ = 0. But the matrix representation of Xs — sX~^ is 



Since A 7^ ±1, we see that 70 = (5i = 0. Thus acts on V as 71(^0 Id. Using (|2Jl, we see that = 1. Hence, 
(5o = By scaling, we may assume that 71 = So = 1. Thus V must be isomorphic to Vj^^. It is clear that 



Vq^ is an irreducible representation of Hq and that Vq^ and Vq^ are isomorphic if and only if a' = a or 

' _ !_ 
" a ' 

Finally, the classification of one-dimensional representations of Hq is trivial. □ 



4 Proof of Propositions EIHl EH and [23] 

Lemma 4.1 (PBW for Hi, easy direction). The elements 

s^X^y', jj eZ,l>Q,ie {0,1} 

span Hi over k. 

Proof. Similar to the proof of lemma 13.11 □ 

Lemma 4.2. X^ + X^^ and {yP - \/f belong to the center Z(Hi) o/Hi. 
Proof. First, let us show that X^ + X^p G Z(Hi). We have 

y(XP+X-P) = y(X + X-i)f 

= (Xy-hX-fcsX + X-V-X-i +fcX-is)(X + X-i)P-^ 
= {X + X-i)y(XP-i + X-P+i) + (X - X-i)(X + X-if-i 

= (X + X-i)Py+p(X-X-i)(X + X-i)f-i 
= (X?'+X-f)y; 

thus [y, XP + X-P] = 0. We also have 

sXf = X^f s, sX-P = X^s; 

thus [s, XP + X-P] = 0. It follows that X^ + X^p G Z{Ii.i). Next, we show that (yP - y)^ e Z(Hi). We have 
X(y + 1)2 = Xy2 + 2Xy + X 

= (yX - X + fcsX)y + 2Xy + X 

= y(yX - X + fcsX) - Xy + A;s(yX - X + fcsX) + 2Xy + X 
= y^X + fc(ys + sy + fc)X + (Xy - yX + X - A:sX) 

= y^x. 

So X(y + 1)^ ^ y^X, and thus Xg(y + 1) = g{y)X for all even polynomials g. In particular, [X, (y^ — y)^] = 0. 
Furthermore, we have [s, y^] = (for the same reason as in the case t = 0). It follows that (y^ — y)^ G 
2(Hi). □ 
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Corollary 4.3. Hi is finitely generated as a module over its center. 

Proof. From Lemmas 14 . 1 1 and 14 . 21 wc sec that Hi is generated over its center by 

s^X^y', i e {0,l},j e {-p+l,-p + 2,...,p-l,p},;e {0,l,...,2p-l}, 

□ 

Corollary 4.4. Every irreducible Hi-module is finite- dimensional over k. 

Proof. Standard. □ 
Consider the following elements of Hi : 

A'^^^^X, B = sy+^. 

These elements were introduced by Cherednik in jChe97j and are called intertwiners. We note that B is also 
equal to — ys — |. 



Lemma 4.5. 

Proof. We have 
and 

Lemma 4.6. 

Proof. We have 
and 



sXsX = ssX-^X = 1 



= (sy + fc)sy + ^ = -y^^V + X " + T' 



Ay=(-y-l)A, By = -yB. 



Ay = sXy = s(yX - X + fcsX) = -ysX - fcX - sX + fcX = (-y - 1)A, 

k k 
By = -ysy - = V^s + = -yB. 



□ 



□ 



Corollary 4.7. Let V be a representation of Hi. Then 

A : V[(3] ^ V[(3 - 1] 

is an isomorphism and 

B : vm ^ vm 

is a homomorphism. B is an isomorphism if and only if P ^ ±|. The same result holds for generalized 
eigenspaces. 

Lemma 4.8. Let V be an irreducible representation of Hi on which the central element (yP — y)^ acts as 
b^O. Then 

V D ©cGFp {v[n + c] e v[-^i + c]) , 

where fi is a root of the equation {^^ — /i)^ = b. Each eigenspace has dimension 1. 
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Proof. Let fi be an eigenvalue of y, and let v G V[ij]. Note that bv = (y^ — y)^w = (/i^ — /i)^^, so we have 
— /i)^ = fo. By corollarv l4.7l we have the following homomorphisms: 

v[fi] A v[-fi-i] A A T/[-^-2] A v[f,+2] A ... A A f[m+p-i] A (86) 

If none of the eigenvalues in H8fci|) is equal to ^ , then all of the homomorphisms in (|86|) are isomorphisms (by 
corollary 14. 7|l . Otherwise, we may assume without loss of generality that /i = |, and once again all of the 
homomorphisms in (|86|l are isomorphisms. Thus, dimV > 2pdimF[/i]. Now the dimension of the algebra 
Hi/(XP + X^'' = a, (y^' — y)^ = b) acting irreducibly on V is at most 8p^ (see the proof of corollary I4.3|l . 
Hence, 4p^(dim V^[/i])^ = (dim Vy < 8p^, which imphes that dim V[n] = 1. The result follows. □ 

Lemma 4.9. Suppose k ^ Fp. Let V be an irreducible representation o/ Hi on which the central element 
(y-P — y)^ acts as 0. Then each generalized eigenspace Vgen[c\,c £ Fp has dimension 2. 

Proof. Let fi be an eigenvalue of y, and let v G V[fi]. Note that = (y^ — y)^v ~ {fi^ — /.t)^w, so we have 
fiP — fi = 0. Hence, fj, G Fp. By corollarv l4.7l we have the following homomorphisms: 

^gc„ ill] ^ ^gcn [m + 1] ^ ^gcn [/i + 2] ^ ■ • • ^ Fgen [M - 1] ^ "^^gcn [/i] . (87) 

Since fc ^ Fp, none of the eigenvalues in (|87|l is equal to ±|. By corollarv 14.71 all of the homomorphisms in 
(|87|l are isomorphisms, and the eigenvalues of y are precisely the elements of Fp. Thus, dim V ~ pd\m Vgcn[0]- 
Now the dimension of the algebra Hi/(XJ' + X"^' = a, (y'' — y)^ = 0) acting irreducibly on V is at most 8p^ 
(see the proof of corollarv l4.3|l . Hence, p^(dim Vgon[0])^ = (dim V)'^ < 8p^, which implies that dim Vgon[0] < 2. 
Now let V eV[0]; then 

ysv ~ syv ~ kv — ~kv. 

Since fc ^ 0, we conclude that sv G VgcniO] \ V^[0]. Therefore, dim FgoniO] = 2, and the result follows. □ 

Proof of Proposition It is easy to show that if /i and d satisfy the conditions in the statement of Propo- 
sition |^3I then V-l^f is a representation of Hi. Furthermore, if G V-l^{'^ is an eigenvector of y, we see that we 
can generate all of V^^f by applying A and B. This implies that V^^f is actually an irreducible representation 
of Hi. The same can be said of Vf2- 

Let V be an irreducible representation of Hi, and suppose that (yP — y)^ acts on V as b ^ 0. For the 
moment, let us assume that ±.| are not eigenvalues of y. Let be an eigenvector of y with eigenvalue ^, 
and let 

v^+j = (BA)^w^, j==l,2,...,p-l 
= A{BAy~^v^, j = l,2,...,p. 

Note that Bv^^ G V[ii]; using lemma we see that Bw_p = du^, where d G k is nonzero. From this we 
can deduce that (|3|l~ (|lU|) are satisfied. Thus V^^f C V. By irreducibility of V, it follows that V = V^f. 

Now we note that (BA)p acts as d Id on V[fi\,V[ti + 1], . . . , + P - 1] and as i HceFp (x ^ (/^ + ^)^) 
on V^[— /i], V[—fi + 1], . . . , V[—pi + p — 1]. From this we can deduce that Vf'i' and Vf^i"^ are isomorphic if 
and only if {^i' - ^ e Fp and d' = d) or (^' + ^ G Fp and dd' = OceFp (x ^ (m + c)^^). Now, if ±| are 
eigenvalues of y, then B^ acts as zero on 1/[±|], so either B acts as zero on V[^], in which case we can use 
the above argument with = |, or B acts as zero on V[^], in which case we can use the above argument 
with /i = — |. 



14 



Second, suppose that (y^* — y)^ acts on V as 0. Let vq be an eigenvector of y with eigenvalue 0, and let 



(BAYvo, J = 1,2, 



p-1 



-A(BA)J-i«o, j = l,2,. 



p-1 



Wo = ^-^suo; 

Wj = {BAY wo, J = 1,2,, 



P-1 



A(BA) 



Wo, 



J = 1,2,. 



p-1 



Since A maps cigenspaces to eigenspaces and generalized eigenspaces to generalized eigcnspaces, and since 
A^ = 1, we can use lemma \TM to conclude that 



Af p-1 = 9vp^ , Awp^ = Lowp^ . 

2 2 2 2 ' 

From this we can deduce that Hll|) -H20 |) are satisfied, as well as 

XWp-l = LUSWp-l 
2 2 

Now we know from Q that 



±1. 



(89) 



(Xy - yX + X - ksX)wp_i 

must be zero. Using H11|I ~ H2()|I and 1)88(1 . we see that the coefHcient of in Xywp^, — yXwp-i .Xwp-i and 
—ksXwp-i are respectively fc(0 — w), 0, 2/^0; and 0. From (|89|l . we get fc(6' + w) = 0, which implies = —6. 
Hence (|22() is also satisfied. Thus Vg''^ C V. By irreducibility of V, it follows that V = Since A acts on 
^1*2 [^T^] through multiplication by 6, it is clear that and are isomorphic if and only if 6* = 6'. □ 

Lemma 4.10. Let k be an even integer with 2 < k < p — 1. Let V =/= be an irreducible representation of 
Hi on which (yP — y)'^ acts as zero. Then V [|] ^ 0. 

Proof. From corollarv l4.7[ we have isomorphisms 



V[Q] A V[-l\ ^ V[l\ A V[-2] A V[2] A 



V 



(90) 



and 



V 



V 



V 



V 



p-1 



Let us assume that V [|] = 0. Since y ^ 0, we must have V[{)\ ^ 0. Let u S y[0] be nonzero; then 
ysM = — syw — ku = —ku. This means V^cn[0] \ ^[0] is nonempty. From the isomorphisms (|90|l . we know that 
there exist v,w such that yi; = — |f , yw = — |w + v- Since F [|] = 0, we see that Bv = Bw = 0. Thus, 



—v = syu 



A; 



sv = v: 



' — w — syw 



-— sif + sv 



-—sty + V 



sw — —V + w. 
k 



Hence 



w = s^w = —sv + sw 
k 



-V + w, 



which is impossible. Therefore, V [|] ^ 0. 



□ 
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Lemma 4.11. Let V be an irreducible representation of Hi, and suppose that B : ^ V^[-|] is zero but 
^ 0. Then 

V^V[^]®V[^ + l]®---®V[-^-l]. 



Proof. Let 

W = V[^]®V[^ + l](B---(BV[-^-l]. 

Since V is irreducible, it is enough to show that is a subrepresentation. Since B acts as zero on V[^], we 
see that W is closed under the action of A and B. Clearly, yW C W. For v £ V[f3], P ^ 0, we have 

f k\ k -^ f k 

Bv = I sy + — 1 y = psv + —v; sosw = p l°^2 

So sW C W. Finally, X ~ sA, so XW C W, and the proof is complete. □ 

Proof of Proposition \2.4\ As in the proof of ProDOsition l2.8l we see that V^i is an irreducible representation 
of Hi whenever /j, and d satisfy the conditions in the statement of Proposition 12.41 Similarly, for = ±1, 
is an irreducible representation of Hi and for c S k, Vi ^ and V^c^ are irreducible representations of Hi. 

Now, let V be an irreducible representation of Hi, and suppose that that (y^ — y)^ acts on V as b. Here 
k G Fp, so if 5 7^ 0, then | is not a root of f{y) ~ {yP — y)^ — b, so the argument in the proof of Proposition 
12.31 applies for Vi f . We will now assume that 6 = 0. 

Now suppose B acts as zero on V[^]. Let Hi be the subalgcbra of Hi generated by A and B. From the 
proof of Lemma [4.111 we see that V = Hiw for any eigenvector of v of y. Since A^ = 1 and B^ acts as a 
scalar on each eigenspace, it follows that V is spanned by 

V, Av, BAv, ABAv, ... , Bv, ABv, BABv, . . . 

for each eigenvector v of y. If the eigenvalue of w is f, we conclude, from corollarv l4.7l and from the fact that 
B acts as zero on V[^], that 

V[^] is spanned by v, A{BA)p-''-\. (91) 

Let Hi be the subalgebra of Hi generated by A(BA)p^'^^^. Clearly, Hi is commutative, and since (|91ll holds 
for all nonzero v G V[^], we conclude that V[^] is an irreducible representation of H. By Schur's Lemma, 
A(BA)P^'''^^ acts on as a scalar, and thus dim V[^] ~ 1. We then let Vk G be nonzero, and let 

v_._^^AiBAy-\,, J = 1,2,...,^-^; 
Vk^^ = {BAyv, J = 1,2,...,^-^. 
Now Avp^ = 0Vp^ for some 9, and A^ = 1 implies = ±1. From the above information, we can deduce 

2 2 

that lj23I)~(EHll are satisfied, and thus Vf^^ C V. By irreducibility of V, we conclude that V = V/g. Since A 
acts on through multiplication by 9, it follows that V^^ and are isomorphic if and only if 9 = 9' . 

Now suppose B does not act as zero on Let vo be an eigenvector of y with eigenvalue 0, and let 



wq = -jSVq. Then ywo = vq. For j = 0, . 



. . , f - 1, let 




'"3 = 


(BA)^«o 


Wj = 


(BA)^i(;o 


lJ_j_l = 


-A(BA)Juo 


W-j-l = 


A{BAywQ. 
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It is easy to check that for each j, vj and W-j-i are eigenvectors of y with eigenvalue j, —j — 1 respectively, 
and ywj = jwj + Wj, yw_j_i = {—j — l)w-j-i + f-j-i- Now Bv_k — 0, and 



Thus, w_k g ^[f]- Let us write Vk = Bw_k; then. 













— byw k — 

2 


— OW k 

2 ~ 2 


— D7J 


k 
2 


- 2 - 


Bw_k; then. 












2 


2 






SW k = 


Wfc - 








2 


k 2 




2 


2 


2 


2 


2 






S W fc = 


SVk 




k 




2 


k 2 


+ r- 


2 


2 




2 


4 




2 




SVk 




A: 






k 2 


+ r- 


2 




=^0 = 


— SVfc + 


2w_fc 







In particular, this implies that Vk ^ 0. For j = I + 1, . . . , ^— !-, let 

= -A(BA)^'-4-iwfc 

2 

= {BAy~^Vk. 

Now there are two cases: 

First, suppose that Awp^ = cwp^ for some c G k. Since = 1, we see that c = ±1. Now let 

2 2 

= span^jwoiWi, ■ • ■ ,Vp-i,w_k,w_k^i, . . . ,Wk_^}. 

From the above information, we can deduce that (|29|l - (|42|l are satisfied. Therefore, Vf^ C V. Since V is 
irreducible, we conclude that V — Vf^^. Since A acts as cid on Vf^ [^T^] > ^^e that Vf^^ and are 
isomorphic if and only if c = c'. 

Second, suppose that Avp-j_ is not a scalar multiple of Vp-j_. In this case, we may write Avp-i = Up-i , 

2 2 2 2 

and then 

7-1 -1 p-l-k 



up-i,, = -B(AB)^-^Up^, j = l,..., 

2 2 2 

Mp-1 ; = (AB)^Up-l 7 = 1 ^ 

2 J 2 



Since {upzii , Upzii } is linearly independent, it follows that {vj,Uj} is linearly independent for all j ^ |, -I + 
Now let 

Now, we know from lemma IT!^ that dim V"gen[— f ] = 2, and this forces Buk = cv_k for some c G k. From the 
above information, we can deduce that H43|l - (|6()|l arc satisfied. Therefore, V^^ C V. Since V is irreducible, we 
conclude that V = Vi^,. Since B(AB)p~*'' acts as cId on see that Vf^ and Vf^ are isomorphic 

if and only if c = c'. □ 

Lemma 4.12. Suppose k — 0. Let V be an irreducible representation o/ Hi on which the central element 
iv^ — y)'^ acts as 0. Then each eigenspace V[c],c G Fp has dimension at most 2. 
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Proof. Let /i be an eigenvalue of y, and let v S V[n]. Note that = (y^ — y)^v = (//^ — ^^v, so we have 



/i = 0. Hence, /i € Fp. By corollarv l4.7l we have the following homomorphisms: 



P+l 



p-1 



(92) 



Since k = 0, corollarv l4 . Tl implies that all of the homomorphisms in (|92() are isomorphisms, and the eigenvalues 
of y are precisely the elements of Fp. Thus, dim V > pd\m V[Q]. Now the dimension of the algebra Hi/(Xp + 
X~P = a, {yP — y)^ = 0) acting irreducibly on V is at most 8p^ (see the proof of coroUarv 14. Hence, 
p2(dim y[0])2 < (dim y)2 < 8p2, which implies that dim V[0] < 2. □ 

Proof of Proposition \2.5\ As in the proof of Proposition l2.3l we sec that V^'i is an irreducible representation 
of Hi whenever and d satisfy the conditions in the statement of Proposition 12. 51 Similarly, for c,9 = ±1, 
V^Q is an irreducible representation of Hi and for c = ±1, a € k, V^'^ is an irreducible representation of Hi. 

Now, let V be an irreducible representation of Hi, and suppose that that {y'P — y)^ acts on V as h. If 
6 7^ 0, then k is not a root of f{y) = {yP — y)'^ — b, so the argument in the proof of Proposition 12 . 31 applies 
for Vf^f. We will now assume that 5 = 0. First we note that sy = — ys, which means that sV[0] C V[Q]. Now 
let vq G V[Q] be an eigenvector of s. Since = 1, we have svq = cvq, where c = ±1. Let 



A(BA)^-^z;o, J = 1,2, 
{BAYvo, j = l,2,. 



p-1 



p~l 



Now there arc two cases: 

First, suppose that Avp^ ~ 9vp^ for some 6* G k. Since A^ = 1, we see that 9 = ±1. Now let 

2 2 

W = spank{wo,t'i, • ■ • 

From the above information, we can deduce that (|61|l - (|66|l are satisfied. Therefore, Vig C V. Since V is 

irreducible, we conclude that V = V^q . Since s acts on V[Q] as cid and A acts on V [^^] as 0\d, we see 

that V^Q and V^^^ are isomorphic if and only if c = c' and 9 = 9'. 

Second, suppose that Avp^ is not a scalar multiple of Vp^. In this case, we may write Awp^ = Up-i , 

2 2 2 2 

and then 



Up-l 



Up-l 



B(ABV-iwp-i, j = l, 

2 

(ABpWp-i j = 1, 



p-3 



p-1 



Since {vp^,Up^} is linearly independent, it follows that {vj,Uj} is linearly independent for all j. Hence, 
by lemma 11.121 V[Q] = span[(.{i;o, uq}, and this forces suq = avo + ruo for some a, r S k. Now 

Uq = s^Uq = asvQ + rsuQ = ocvq + arvQ + r^Wg. 

Thus r = ±1. Now if c = r, then a = 0. But then vq — uq is an eigenvector of s and A acts on Wp-i — u p~i 

2 ^ 2 

as a scalar, and so the first case shows us that V has a p-dimensional subrcpresentation, contradicting V^'s 
irreducibility. So we may assume that c = — r; a is then arbitrary. Now we can see that the eigenvalues of s 
acting on V[0] arc ±c; that is, ±1. This means that we can assume c = 1. From all this information, wc can 
deduce that l|^ ~ (|75|l arc satisfied. Therefore, Vf''^ C V. Since V is irreducible, we conclude that V = ^1*7 ■ 



Finally, a is the coefficient of v in sA(BA)p ^v; thus, Vi-^ and Vi-^ arc isomorphic if and only if a 



a . 



□ 
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